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ABSTRACT 

Floating Spar platform has been proven to be an 

economical and efficient type of offshore oil and 

gas exploration structure in deep and ultra-deep 

water, however wave induced loads on Spar 

structures are very important factor that decides the 

performance rating of the response of the structure 

in question. These loads must be properly 

investigated during design or redesign stage to 

determine the response and structural integrity of 

the Spar Structure. This work is on the 

investigation of the heave responses of the spar 

structures due to induced wave loads at different 

angles of attack. To determine its most probable 

maximum heave amplitude at various angles of 

attack ranging from 0
o
 to 90

o
. Froude-Krylov 

theory hypothesis was used to determine the 

heaveforce model. Spectra analysis in frequency 

domain was then carried out to obtain the required 

responses due to the force. A MATLAB-based 

program was developed to carryoutthese analyses 

from start to finish. This is to statistically determine 

the most probable maximum amplitudes of the spar 

Structure. The results obtained show that the 

highest maximum heaveresponseamplitude is 

1.235m at90
o
. 

Keywords:Spar Structure, Investigation, most 

probable maximum Heave amplitude, Wave 

induced loads. 

 

I. INTRODUCTION 
Spar can be supported by a drilling rig as 

well as top-tensioned production risers in water 

depths thousands of feet greater than the water 

depth limit for a tension leg platform (TLP). It is 

specially well equipped to support steel catenary 

risers (SCRs) using the pull-tube option, which 

allows the SCR to serve as a continuous welded 

steel containment for hydrocarbons from the 

seafloor to the topsides and protects the riser from 

vortex-induced vibration in the fastest part of the 

wave profile. Another important innovation in the 

Spar design over other offshore structure is the 

mooring system. Since it has a minimal motion at 

the mooring connection points near the centre of 

Spar-pitch motions, the mooring legs may be 

designed as semi taut members with uplift on the 

anchors. 

However, for the purpose of this paper we 

shall analyse the wave induced loads on a classic 

Spar structure and how difficult it is. This is based 

on the fact that waves in real sea conditions are 

very much irregular. Design engineers rely mostly 

on the formulae provided by standard classification 

societies to ensure accuracy, reliability and safety. 

However, it is advisable for them to have adequate 

knowledge and understanding on the theory 

formulation used in the statistical wave loads 

determination.  

Response of the spar structure to induced wave 

loads are usually determined using various 

approaches. In this context, spectra analysis will be 

used to determine the maximum responses in heave 

motion. 

 

Heave Motion 

This is the linear motionalong the vertical Z-axis 

and also the up and down motion of a ship as large 

swells.  

 

Classic Spar in Brief  

Classic spar basically comprises of a 

cylindrical hull with deep draft that provide 

excellent motion characteristics, the ambient deep 

current becomes the main problem. To solve this 

problem the truss spar concept was introduced. The 

upper part of the truss spar retains the cylindrical 

section of the classic spar, connected by the mid 

part truss system divided by heave plates and 

bottom part supported by soft tank fixed ballast. 

The third generation of spar system was introduced 

which is the cell spar. The cell spar is a 
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combination of smaller sized hulls surrounding the 

center cell that provides buoyancy. The diagram 

below shows the three types of spar currently in 

operations. 

 

 
Fig. 1:  Types of Spar (a) Classic Spar, (b) Truss 

Spar, (c) Cell Spar 

 

Aim 

The aim is to analyze the impact of induced wave 

load on the Spar, and to determine the most 

probable maximum amplitude for heave motions. 

 

Objectives  

 To develop mathematical models for heave 

motions using Froude-Krylov theory. 

 To use Pierson-Moskowitz energy Spectrum to 

carry out the analysis  

 To develop the MATLAB-based routine to 

calculate the various wave loads and, for 

simulating the dynamic behaviour of   the Spar 

in West Africa Sea State. 

 

Various methods have been adopted by 

different researchers to investigate ship responses, 

such as numerical method, using equation of 

motions, hybrid, and time history to carry out 

spectra analysis. All these gave good and 

satisfactory results after their estimations. 

 

II. ANALYTICAL MODEL 
In this research, an independent 

MATLAB-based program will be developed to 

carryout analysis for all the different angles of 

attacks on the spar structure. The Froude-

Krylovforce (Pressure force) developed and the 

Pierson- Moskowitz energy equation will be used 

to determine the spar structure most probable 

maximum heave amplitude by carrying out spectra 

analysis for angles 0
0
:15

0
:90

0
. After which the 

angle with the highest response is obtained, and the 

determined results validated with results extracted 

from work done in a different software to ascertain 

the accuracy of the method adopted in this research 

work.   

 

III. METHODOLOGY 
The materials used are the principal dimensions of 

the spar structure, the met ocean data for typical 

west Africa Sea state from DNVGL. The 

dimensions are as given below in a tabular form. 

 

Table 1:  SPAR Dimensions 

SPAR DIMENSIONS 

Diameter           59.10 m 

Length           16.46 m 

Draft           4.0 m 

Weight            1.7572 m 

Water depth          1,642.7 ton 

 

The met ocean data for the wave parameters are as 

given below for west Africa Sea state according to 

Thayamballi (2018). 

 

Table 2: West Africa met ocean Data 

Parameters        Coefficient value  

Hmax (m)     Tz(s)   Hs(m)          

Wave                      5.1                       7.6          

3.7 

  

Swell                        6.8                    13.9 

  

  

 

Definitions 

HS Significant wave height, HmaxMaximum wave 

height, and TZ is the zero up crossing period. 

Determination of the Heave Force model 

The wave load experience by offshore structural 

elements depends upon their geometry, (The size of 

these elements relative to the wavelength and their 

orientation to the wave propagation). The vertical 

wave load on a fixed cylinder is shown in the figure 

below. 

 

 
Fig.2: Heaving Circular Cylinder 

 



 

      

International Journal of Advances in Engineering and Management (IJAEM) 

Volume 4, Issue 5 May 2022,   pp: 1381-1386 www.ijaem.net    ISSN: 2395-5252 

  

 

 

 

DOI: 10.35629/5252-040513811386  Impact Factor value 7.429  | ISO 9001: 2008 Certified Journal  Page 1383 

The classic theory of deep-water waves yields 

Wave potential; 𝜑=
𝛏𝐚.𝐠.

𝐰
𝐞𝐤𝐳 𝐬𝐢𝐧 𝐰𝐭 − 𝐤𝐱    (𝟏) 

So that the pressure P, on the bottom of the 

cylinder (Z= -T) follows from linearized Bernoulli 

equations.  

𝑃 = 𝜌
𝑑𝜑

𝑑𝑡
– 𝜌𝑔𝑧 = 𝑝𝑔𝜉𝑎𝑒

𝑘𝑧 𝑐𝑜𝑠(𝑤𝑡 − 𝑘𝑥) − 𝑝𝑔𝑧 

= 𝒑𝒈𝝃𝒂𝒆
−𝒌𝑻 𝒄𝒐𝒔(𝒘𝒕 − 𝒌𝒙) + 𝒑𝒈𝒛               (𝟐) 

 

Assuming that the cylinder diameter is small 

relative to the wavelength (KD = 0), so that the 

pressure distribution on the bottom of the cylinder 

is essentially uniform, then the become (Gudnestad 

2012) 

𝑷 = 𝒑𝒈𝝃𝒂𝒆
−𝒌𝑻 𝒄𝒐𝒔 𝒘𝒕 + 𝒑𝒈𝑻                         (𝟑)  

Then the vertical force on the bottom of the 

cylinder is; 
𝑭

𝝃𝒂
=  𝝆𝒈𝒆−𝒌𝑻 𝒄𝒐𝒔(𝒘𝒕) + 𝝆𝒈𝑻   ∗

𝝅

𝟒
𝑫𝟐           (𝟒) 

Where D is the cylinder diameter and T is the draft. 

Similarly, from Velocity Potential 𝜑 

For deep water conditions: 

𝝋 =
𝝃𝒂𝒈

𝒘
𝒆𝒌𝒛 𝒄𝒐𝒔(𝒘𝒕 − 𝒌𝒙)                                  (𝟓)  

The heave force or vertical force will be obtained 

by analyzing the pressure force (Froude Krylov) 

 𝒅𝑭𝒌 =  𝑷𝑫𝒅𝑨                                                     (𝟔)  

WherePD= −𝑃𝑑𝑡
𝑑𝜑

, dA = 2πrdrSubstituting 

intoequation. 6 

𝑭𝒌 =  −𝒑
𝝏∅

𝝏𝒕

𝑫

𝟐

𝟎

. 𝟐𝝅𝒓𝒅𝒓                                  (𝟕)       

𝝏∅

𝝏𝒙
= 𝝃𝒂𝒌𝒄𝒆

−𝒌𝒛 𝒔𝒊𝒏 𝒌𝒙 − 𝒘𝒕                        (𝟖)   

 

Differentiating equation.8 
𝝏

𝝏𝒕
 
𝝏∅

𝝏𝒙
 = 𝝃𝒂𝒌𝒄𝒘𝒆−𝒌𝒛 𝒄𝒐𝒔(𝒌𝒙 − 𝒘𝒕) 

Substituting into equation 7 

 

𝑭𝒌 =  𝒑𝝃𝒂𝒌𝒄𝒘𝒆−𝒌𝒛 𝒄𝒐𝒔(𝒌𝒙 −
𝑫/𝟐

𝟎

𝒘𝒕).𝟐𝝅𝒓𝒅𝒓(9)   

 

Now integrating equation 9 

 

𝑭𝒌 = 𝟐𝝅𝒑𝝃𝒂𝒌𝒄𝒘𝒆−𝒌𝒛 𝒄𝒐𝒔(𝒌𝒙

− 𝒘𝒕)  𝒓𝒅𝒓
𝑫/𝟐

𝟎

           (𝟏𝟎)   

 

𝑭𝒌 = 𝟐𝝅𝒑𝝃𝒂𝒌𝒄𝒘𝒆−𝒌𝒛 𝒄𝒐𝒔 𝒌𝒙 − 𝒘𝒕 .
𝑫𝟐

𝟖
  (𝟏𝟏)  

 

𝑭𝒌 =
𝝅𝑫𝟐

𝟒
𝒑𝝃𝒂𝒌𝒄𝒘𝒆−𝒌𝒛 𝒄𝒐𝒔(𝒌𝒙

− 𝒘𝒕)                 (𝟏𝟐)  
 

At the maximum amplitude x=0 and K=-D from the 

free surface 

𝑭𝒌 =
𝝅𝑫𝟐

𝟒
𝒑𝝃𝒂𝒌𝒄𝒘𝒆−𝒌𝑫 𝒄𝒐𝒔(𝒘𝒕)                (𝟏𝟑) 

Hence the amplitude of the heave force will be 

expressed as per unit amplitude of the force  

𝑭𝑲

𝝃𝒂

=
𝝅𝑫𝟐

𝟒
𝒑𝒌𝒄𝒘𝒆−𝒌𝑫                                   (𝟏𝟒)      

For deep water c = 
𝑔

𝑤
 

𝑭𝑲

𝝃𝒂

=
𝝅𝑫𝟐

𝟒
𝒑𝒌𝒈𝒆−𝒌𝑫                                  (𝟏𝟓)   

 

Definition of terms 

The quasi-static force will be used with the 

magnification factor to determine the response 

amplitude operator (RAO) of the structure. 

It is given as; 
𝑭𝒒

𝜻𝜶

=  
𝑭𝜶

𝑪
                                                                 (𝟏𝟔) 

 

It will be worthy to note that C is the restoring 

force,  

The dynamic amplification or magnification factor 

for a non-damped system is gotten from the 

equation shown. 

𝝋 =  
𝟏

  𝟏 − 𝑹𝟐 
                                                    (𝟏𝟕) 

R is the frequency ratio, and is expressed as; 

𝑹 =  
𝝎

𝝎𝒏

                                                                  (𝟏𝟖) 

The natural frequency of the structure is then 

obtained with the equation given below. 

𝝎𝒏 =   
𝑪

𝑴 + 𝑨
                                                   (𝟏𝟗) 

The response amplitude operator (RAO) is used to 

measure the response of the structure exposed to 

first order wave loads. 

𝑹𝑨𝑶 =  𝑭𝒒 ∙ 𝝋                                                      (𝟐𝟎) 

The Pierson-Moskowitz wave energy spectrum 

equation is used with the square of the RAO to 

determine the s response in various angles of 

attacks. And it is given as; determinethe response 

in various angles of attacks. And it is given as; 

𝑺 𝝎     =  
𝟏𝟐𝟒

𝑻𝒛
𝟒

𝑯𝒔
𝟐𝝎−𝟓 𝒆𝒙𝒑  −

𝟒𝟗𝟔

𝑻𝒛
𝟒

𝝎−𝟒      (𝟐𝟏) 

Hence, the ship responses will be achieved using 

the equation as given. 

𝐒𝐑 = 𝐒 𝛚 ∙ 𝐑𝐀𝐎𝟐                                                 (𝟐𝟐) 
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The variance or Zeroth Moment (M0) is achieved 

by using the equation below 

 

𝐌𝟎 =
𝟎. 𝟎𝟎𝟏 ∗ 𝐒𝐑𝐓

𝟑
                                                (𝟐𝟑) 

 

The significant Heave amplitude (𝛏𝐡) is expressed 

as given below. 

Where SRT is the sum of the responses, and 0.001 is 

the step size chosen during the wave number 

determination which will be seen in the results and 

discussions section of this work.  

 

𝛏𝐡 = 𝟐 ∙  𝐌𝟎                                                           (𝟐𝟒) 

 

Then the most probable maximum surge amplitude 

(𝛏𝐦𝐚𝐱) will be obtained with the equation below. 

 

𝛏𝐦𝐚𝐱 = 𝟏. 𝟖𝟔 ∗ 𝛏𝐡                                                (𝟐𝟓) 

 

IV. RESULT AND ANALYSIS 
Range of wave number 0.001:0.001:3.001 

rad.m
2
/s were used in equation (19) to determine 

the wave frequencies used for the analysis. This 

gave 3001 values of the wave frequencies; it 

implies that for each parameter analyzed, results 

obtained are within this range for more statistical 

accuracy.The maximum results for each angle of 

attack 0, 45, and 90 degrees are of focus. As shown 

in the graph below, the impact of the heave force 

will be maximum all through from 0 to about 4.8 

rad/s and breaks as it tends towards 5rad/s. which 

simply implies the structure will experience 

maximum impart and response throughout the 

wave frequencies until it breaks off. 

From the results above, the highest value 

of the maximum amplitude ofthe heave forces for 

all the angles occurred at 90
0
angle of attack,  

 

 
Fig. 3: Heave Force per wave amplitude (0

0
-90

0
) 

 

A. Response Amplitude Operator (RAO) 

For the RAOs, the maximum for the heave motion 

at 90 deg with 1.1010. For 45 deg, heave motion is 

0.7785 respectively.  

The Heave response amplitude operator is obtained 

by multiplying the Quasi-Static force and the 

magnification factor, the maximum response 

occurred at around0.2 rad/s and dies off as it tends 

towards 3rad/s. as shown below 

 

 

 
Fig. 4: Heave RAO 45 deg 

 
Fig. 5: Heave RAO 90 Deg 
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Fig. 6: Heave RAO 45 and 90 Deg 

 

B. Spar Response Spectra  

The response of the Spar is obtained  by 

making use of equation (21) for all the various 

angles of attacks. Plots of the responses against the 

frequencies form the response spectrum of the 

Spar. The response is referred to as the area under 

the spectrum curve which will be seen in the 

figures below. The highest response for the heave 

angleis as at; 90
0
 = 0.12rad/s, with a numerical 

value 49.8579m
2
s/rad. Figures below show the plot 

of all the responses from 0
0
 to 90

0
, they showed 

clearly the behaviour and the pattern with which 

the Spar is responding to the induced wave. 

 
Fig. 7: Heave Response Spectrum 0 Deg 

 

 
Fig. 8: Heave Response Spectrum 45 Deg 

 
Fig.9: Heave Response Spectrum 90 Deg 

 

As seen in the figures above, the graphs are similar 

as expected for all the angles of attacks. 

C. Most Probable Maximum 

HeaveAmplitude (𝛏max) 

This is the highest response of the 

sparstatistically determined. For this to be obtained, 

the variance (Zeroth Moment) will be obtained 

using Simpson’s first rule multiplier, after which 

the significantheave amplitude will also be gotten. 

Then the most probable maximum heave amplitude 

will then be achieved for all the various angles of 

attacks. using equations (23), (24) and (25) 

respectively. 

The final results are tabulated for the various angles 

of attacks. These results represent the ship final 

responses. As said earlier, major interest is on the 

determination of the most probable maximum surge 

amplitude, which has achieved with all 

theseprocedures in Table 2 below. 

 

Table 2: Spar Response Results 0-90
0 

Angl

e 

(deg) 

M01 

(m
2
) 

𝛏h 

(m) 

𝛏max 

(m) 

0 0 0 0 

    

    

45 0.0552     0.4698         

0.8738 

    

    

90 0.1104     0.6644        

1.2358 

 

V. CONCLUSION 
The most probable maximum heave 

amplitude represents the maximum responses of the 

spar in Heave motion as a result of the induced 

wave loads. From the statistical results in the Table 

2 above, the 90
0
angles of attack gave the highest 

response of the Spar. Response in this 

contextimplies the vertical displacement from the 

mean perpendicular position. These responses are 

considered as the area under the spectra multiplied 

by Simpson’s multipliers and the step size, as 

shown in figures 7 to 9 above.  

The response amplitude operator (RAO) 

reviewed that the dynamic resonance of the Spar 

structure occurred around the first order wave 

frequencies. From the RAO graphs, 

resonanceoccurred where the natural frequency of 

the structure is equal to the wave frequency.  

The deep-water dispersion characteristics 

equation used in a reversed manner (that is to 

estimate a range of wave numbers to be able to 

determine the wave frequencies) used in this work 
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has proven to be a good approach for deep water 

wave analysis. 

The heaveforce model developed above 

using Froude-Krylov hypothesis proved to be a 

good method to evaluate the pressure force acting 

on the structure. After all the analyses and 

validation made in course of this research, the 

results have shown that the model developed is 

suitable for offshore structures of similar shape and 

characteristics.And also, the software developed is 

simple and easy to understand, and canbeusedfor 

analysis ofsimilar off structures. 

Based on the results and findings in this research, 

the highest most probable maximum heave 

amplitude occurredat90
0
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